However, the open-ended coaxial line has some limitations. For example, only apertures that are electrically large permit reasonable energy flow into the external region without a significant portion of the incident energy reflecting back into the coaxial line. For radiators, this difficulty can be lessened by impedance matching the transmission line. However, modem dielectric constant measurement systems rely on an accurate mathematical model of both the measurement probe and any impedance matching device placed on the line.
In this paper we present an analysis of a coaxial waveguide with a dielectric coated hemispherically extended center conductor that is flush mounted on an infinite, perfectly conducting ground plane. This structure has several advantages over the usual flush mounted coaxial line, including improved bandwidth due to the impedance matching properties provided by the dielectric coated hemisphere and an antenna far field radiation pattern with a narrow beamwidth. Also, just as with the flush mounted coaxial line, an exact integral equation can be formulated for this structure so that any reflection coefficient error is reduced to numerical computation inaccuracy.
Below, an integral equation is formulated and solved in terms of the annular slot tangential electric field. Results are given for the input impedance as a function of frequency and for the far field power radiation pattern for electrically small and large aperture sizes. The assumed time dependence exp ( j u t ) is suppressed.
II. ANALYSIS Fig. 1 pictures a dielectric hemisphere covering the aperture of a hemispherically extended coaxial waveguide flush mounted on an infinite ground plane. The exterior region includes the hemispherical conductor of radius a, the dielectric hemispherical shell which has an outside radius c and dielectric constant es , and the remaining homogeneous space above the ground plane described by a dielectric constant ce.
The coaxial waveguide, here referred to as the interior region, has respective inside and outside conductor radii a and b designed so that only a TEM mode propagates. The dielectric constant inside the coaxial line is ec and all regions have the permeability of free space p . In the following, the equivalence principle of electromagnetics is applied in order to obtain an integral equation for the unknown coaxial line aperture tangential electric field. The integral equation is solved numerically by the method of moments. The aperture tangential electric field is then used to compute the fields in both the interior and exterior regions.
The equivalence principle is applied by first inserting a thin fictitious conductor in the coaxial aperture so that the ground plane becomes continuous. Appropriate magnetic currents are placed over each side of the thin conductor and are chosen SO as to maintain the original electromagnetic field in all regions ( Fig. 2(a) ). The exterior region is then imaged in the ground plane yielding an annulus of magnetic current that can be expressed in terms of the tangential aperture electric field E ; 2 M $ = -2E;(p) radiating inside a dielectric sphere and incircling a conducting sphere. This configuration, which is shown in Fig. 2(b) , is, in the region z > 0, electromagnetically equivalent to the exterior region of Fig. 1 . The coaxial line is excited by a TEM mode resulting in an aperture magnetic current that is entirely +-independent.
In a straightforward manner it is possible to derive an exterior region Green's function though classical modal analysis. This Green's function is obtained by first replacing the current distribution shown in Fig The second term in each of the above equations is the particular solution for a circular magnetic current loop surrounding a spherical conductor and radiating in an infinite homogeneous region composed of the dielectric sphere material ( p , cs). Since there is no source outside the dielectric sphere, the Green's functions The ccefficients A,, B,, C,, D,, and E, are found by requiring the tangential electric field to be zero on the surface of the conducting sphere, continuity of tangential electric and magnetic field at the radius of the radiating magnetic current loop, and continuity of the tangential electric and magnetic fields across the surface of the dielectric sphere. After applying these continuity conditions one gets Green's functions as follows: E$= jb 2E;(p')GP,(r, 8; p ' ) dp' 
E?= jb 2E;(p')GPEI(r, 8; p ' ) dp' 0 H $ = jb 2E;(p')GP,,(r, 8; p ' ) dp' 0 where p = s, e represents the fields, respectively, in the dielectric sphere and free space regions.
Since the final integral equation is obtained by evaluating H ; in the plane of the aperture (8 = 7r/2), it is convenient to express the Green's function G>+ in cylindrical coordinates. This is done by replacing r + p and 8 --* 7r/2 in (9). Equation This step is crucial to our analysis because the integral form of the particular solution can be easily evaluated everywhere, while the infinite series form contains a singularity at (p' = p, 4' = 0). It is for this reason that we have presented our dielectric sphere Green's functions as a sum of homogeneous and particular solutions.
The interior region Green's function that has been derived in a previous paper [3] is repeated here for convenience
where 7, and k, are, respectively, the intrinsic wave impedance and the propagation constant in the coaxial region. +, , is an eigenfunction whose derivative is The eigenvalues A, are the roots of 
The final integral equation is found by assuming a V-volt TEM wave coaxial line excitation and by enforcing continuity of interior and exterior region magnetic fields at z = 0 in the coaxial aperture. Thus, in terms of the unknown aperture electric field E ; one gets the integral equation (32) which can be solved numerically by the method of moments [5] . The reader is referred to a previous paper [4] that describes in detail our numerical solution procedure for a similar configuration. Fig. 3 shows a comparison between the tangential aperture electric field of a flush mounted coaxial line with a homogeneous exterior region and that of a flush mounted coaxial line with a dielectric coated hemispherically extended center conductor. In each case the coaxial line dielectric constant is E , ' = 2.05 and the infinite region is assumed to have the properties of free space ( E , = 1.0) while the hemispherical shell has a dielectric constant E, = 4.0. The radius of the dielectric shell is twice that of the coaxial line outer conductor. The free space propagation constant-center conductor radius product is ka = 0.1. The ratio of outer to center coaxial line conductor radii is chosen to be b / a = 1.57.
RESULTS
The l / p variation in each of the computed tangential aperture electric field curves pictured in Fig. 3 illustrates the behavior of the dominant TEM coaxial line mode. It has been observed [3] that the edge condition is satisfied near p = a and b when the upper region is homogeneous. As shown in Fig. 3 , when the center conductor is hemispherically extended no edge singularity occurs at p = a, which is expected since in the plane of the aperture the center conductor is not abruptly discontinuous at p = a. However, due to an improved impedance match condition discussed below, the amplitude of the aperture field is less, although, the edge singularities at p = b are still prominent, when the dielectric coated hemisphere is present.
A comparison between the apparent input impedance
with and without the dielectric coated hemisphere is shown in Fig. 4 for 0.1 I ka I 2.3 in increments of ka = 0.2. The input impedance calculated for a homogeneous free space exterior region has been confirmed by measurement [2] . It can be seen in Fig. 4 that when b -a Q A. where X, is free space dielectric coated hemisphere is demonstrated by the data in Fig. 4 , which shows that when ka = 0.7 the transmission efficiency e, = (1 -1 r 1 *) x 100 percent is approximately 98 percent with a dielectric coated hemisphere and approximately 50 percent with the homogeneous exterior region.
Far field power density patterns are shown in Fig. 5 (a) for a small (ka = 0.1) aperture and in Fig. 5(b) for a large (ka = 2.0) aperture. Both patterns are normalized by the maximum radiated power density for the dielectric hemisphere E, = 4.0 case. When the aperture is small the far field pattern is unaffected by the addition of a dielectric coated hemisphere. However, when the aperture is large the beamwidth of the power density pattern is considerably decreased with the introduction of a dielectric coated hemisphere although the direction of the main beam remains approximately the same. These far field results suggest that the dielectric coated hemisphere acts as a focusing or collumating lense for the electromagnetic wave radiated by the coaxial aperture. The significant contrast in the radiated power amplitude in Fig. 5 is due to differences in the radiation efficiency of the open-ended and dielectric covered conducting hemisphere cases as predicted by the input impedance shown in Fig. 4. 
IV . CONCLUSIONS
An integral equation in terms of a single unknown tangential aperture electric field E ; is formulated and solved numerically for a flush-mounted coaxial line with a dielectric coated hemispherical extension. Electric and magnetic field Green's functions with separated homogeneous and particular parts are derived for a magnetic ring source in a dielectric sphere surrounding and concentric with a conducting sphere. The Green's function forms presented here allow formulation of an integral equation that is compatible with the method of moments numerical technique.
When the dielectric constant of the hemisphere is chosen to be E, = 4.0 and ka = 0.7, the radiation efficiency is approximately 98 percent greater and the beamwidth is approximately 30 percent less than that of a flush-mounted coaxial line with a homogeneous free space exterior region. At almost all frequencies (values of ka) greater efficiencies were observed with a dielectric coated hemisphere extension. Exceptions to this statement occur only in rare cases when resonances of the dielectric coated hemisphere produce a reflection coefficient with a magnitude smaller than that of the flush-mounted coaxial line at the same frequency. However, the beamwidth is less at all frequencies when a dielectric coated hemisphere terminates the coaxial line.
